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It is shownthat,undergeneralcircumstances,symplecticG-orbitsin ahamiltonianmanifold
actedon (symplectically)by aLiegroupG providecritical pointsfor thenormsquaredofthe
momentmap.This factyieldsa“variational” interpretationofthesymplecticorbitsappearing
in theprojectivespaceattachedto anirreduciblerepresentationofacompactsimpleLiegroup
(accordingto workofKostantandSternbergandofGiavariniandOnofri),wheretheprevious
functionis alsorelatedto theinvariantuncertaintyconsideredby DelbourgoandPerelomov.

A notion ofgeneralizedcanonicalconjugatevariables(in theKithler case)is alsopresented
andusedin theframeworkofaKAhIer geometricinterpretationoftheHeisenberguncertainty
relations(buildingon theanalysisgivenby Cirelli, ManiaandPizzoccheroandby Provostand
Vallee);it is proved,in particular,thatthegeneralizedcoherentstatesofRawnsleyminimize
theuncertaintyrelationsfor anypairofgeneralizedcanonicallyconjugatevariables.
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1. Introduction

Let (M, Q) be asymplecticmanifold andlet~u:M~~~g*beamoment mapasso-
ciatedto a symplecticactionon M of a compact,simple, simply connectedLie
groupGwith Lie algebrag (which weidentify with g~by meansof aG-invariant
metric inducinganormdenotedby liii). Thefunction II ~uII2 thenremarkable
propertiesas aminimally degenerateMorsefunction [19], deeplyexploredin a
numberof interestingpapers(e.g.refs. [1,14,18,19,24]), wherethe structureof
its critical pointsandits cohomologicalimplicationsin geometricinvariantthe-
ory havebeenuncovered.The prototypeof sucha function is the Yang—Mills
functional (cf., e.g.ref. [3]). In thispaperweinvestigatefurtherthe properties
of thisfunction.
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First,weprovethatunderverygeneralconditions,anysymplecticorbitof Gin
Mis alwaysacritical orbit for ~ufl2(theorem2.1;theconverseis, however,false).
We applythis remarkto the projectivespaceP( V) determinedby an irreducible
representationofacompactsimpleLie groupon ahermitianspaceV, rendering
someresultsof Kirwan andNessa little bit moreexplicit in this particularcase
(theorem5.3.).

A possiblyinterestingobservationis that II itII2 in thisparticularcase,is essen-
tially (upto anegativescalarandan additiveconstant)the invariantdispersion
first introducedby Delbourgoin ref. [11] (andgeneralizedto thepresentcontext
in, e.g.,ref. [26]). We naturallyrecovertheresultthatthehighestweight(Käh-
ler) orbit (made up of coherentstates)minimizesthe invariant dispersion
[11,26], andatthesametimeprovidesanatural“variational” interpretationfor
theappearanceof theothersymplecticG-orbitsin projectivespace(theorem5.3
again).

However,thesymplecticG-orbitsplay an importantrole in the interpretation
of thephenomenonof spinmigration in thecontextofthedegeneracyof Landau
levels [12], soourresultssupportaMorse theoreticinterpretationof the above
phenomenon.

We furtherpursuethe uncertaintyproblemfor coherentstatesin the frame-
work of geometricquantization.It is well known (see,e.g., ref. [261) thatthe
ordinarycoherentstatespossessanumberof remarkablephysicalproperties;one
of themostcharacteristicis that theyprovideminimumuncertaintywavepack-
etswith respecttothepositionoperatorandits canonicallyconjugatemomentum
operator(referredto anyparticularvariable) and,moreover,the dispersionsof
theseobservablesareequal.

We analyzethe persistenceof this propertyin thecontextof the generalized
coherentstateson aquantizableKählermanifold introducedby Rawnsleyin ref.
[28], and furtherstudiedin ref. [6], with respectto asuitablygeneralizedcon-
cept of canonicallyconjugatequantumvariables.Thisconceptturns out to be
statedependent(section3). This isdoneby resortingto thegeometricalinterpre-
tation of the dispersionstructureof ordinaryquantummechanicssetup in refs.
[10,27], whichwe recallin section3. We show,roughly speaking,thatthemini-
mum uncertaintypropertystill holdsin thisbroaderframework (theorem3.5)
andweagainexamineexplicitly the Kahlerorbit case(theorem4.2).

2. Preliminaries:symplecticgeometryandgeometricquantization

In this sectionwe shallmostly referto refs. [14—16,19,20,28,6].It is mainly
intendedto fix notationandensurereadability.

Let (M, Q, G) be asymplectichamiltonianmanifoldactedon by a Lie group
G (takenfrom the outsetto be compact,simple, connectedandsimply con-
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nected),with Lie algebrag, andhamiltonianalgebraA andcorrespondingG-
equivariantmomentmap4u:M~~*g*givenby (for meM,Xeg)

(2.1)

with ~~A’~
4 c C°°(M)andwith < ,) denotingthe dualitypairingbetweeng and

g~.Further,X~denotesthefundamentalvectorfield on M inducedby Xeg and

wehave

Q(X*,)=d2x. (2.2)

ThePoissonbracket{, } on C°°(M) is definedthroughthesymplecticform in
thestandardway,

{f,g}:=Q(7,g#), (2.3)

wheref~ denotesthesmoothvectorfield on M inducedbyfvia (2.2) (usingthe
non-degeneracyof Q).

We shallalways identify g* with 9 by meansof aG-invariantmetric liii2~In
particular,wemaythink of themomentmapas takingvaluesin g, andconsider
the G-invariantfunctionon Mgiven by hull2. Theremarkablepropertiesof this
functionarewell known(see,e.g.,refs. [19,24,2]).

However, the following propertydoesnot seemto havebeenexplicitly ob-
servedbefore.In order to stateit, we first recall that,with the abovenotation,
xeMis critical for II ut?2 if andonly if (see,e.g.,ref. [19])

(2.4)

Theorem2.1. Let (M, £1,G) beasabove.Let xeM.If the G-orbit G~xissymplec-
tic, thenx(andhenceanypointoftheorbit) is acritical pointfor ~j42

Proof It is obviousthatji(x) egbelongsto 9p(x). Let ~eg,

4(~). Thenwehave,for
any~eg,

Q~(’~
4~l~,~#t~)i~ ~

1(x)= <4u(x), [~,‘i]>
_v i~e* * \_A

1’~(x)Y~. p(x),’l ~s(x))’-’,

which,by thenon-degeneracyof.Qwhenrestrictedto G~x,yields~ I = 0. This is
valid, inparticular,for ji (x). HereK denotestheKirillov—Kostant—Souriausym-
plectic structureon the G-coadjointorbit throughji(x). The sameconclusion
couldhavebeenreachedusingtheorem26.8 of ref. [16].

The previousresult may be used to detectcritical points of lull2 in specific
examples.

We shallbeactingin theframeworkof geometricquantizationof Kählerman-
ifolds andtheir coherentstates,referringto refs. [6,28] for athoroughtreatment.
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Let J,hereandhenceforth,denotethecomplexstructureof the Kählermanifolds
involved. Let V be acomplexHilbert space,equippedwith ahermitianscalar
product< , > linear in the secondvariable.We freely employ Dirac’s bra—ket
notation.Let P( V) be its associatedprojectivespace,consistingof theone-di-
mensionalcomplexvectorsubspacesof V. If v isanon-zerovector,wedenotethe
one-dimensionalcomplexvector spaceit generatesby [v]. A point [v] in P( V)
canalso be effectively representedby the orthogonalprojectionoperatoronto
[v], namely Ilvil _21 v> <vi. Points in P(V) represent,physically, the quantum
statesof a specificphysicalsystem.The meanexpectationvalueof aquantum
observable(namely,alinear self-adjointoperatorA on H) in the state [v] (pro-
videdv is in thedomainofA) is givenby

[v] (A)_=<A)1~1:= II V~j
2<VIAv> , (2.6)

andcannaturallybe interpretedin termsof themomentmapfor P( V) (seebe-
low). We shalloftenusetheshorthandnotation<A> aswell.

Let (M, Q) beafinite-dimensionalKählermanifold,with Q integralandposi-
tive, andlet L—~.Mbe a hermitian,holomorphic,regular [28,61 line bundleob-
tained via the geometric quantization procedure (see, e.g., refs.
[20,15,16,28,6,13]),whichrealizesthecoherentstateembeddinge: M—P(V), V
beingthequantumHilbert space,consistingofthesquareintegrableholomorphic
sectionsof L. We shall assumethat e*QF=Q, with QF denotingthe canonical
Kähler (Fubini—Study) form on P(V) (seebelowfor its explicit expression).
This condition holdsin most interestingexamples[71.In this paperwe shall
mainly dealwith afinite-dimensionalV. althoughpart of ourdiscussioneasily
extendsto theinfinite-dimensionalcase.

For laterusewerecall thatanotherway of expressingholomorphyis via the
notionofcomplexpolarization (see,e.g.,ref. [15] for details):[‘(F) will denote
themoduleof sectionsoftheantiholomorphicpolarizationF. Recall that, if). is
aquantizable[6] classicalobservable,namely,).is asmoothfunctiononM such
that).* preservestheanti-holomorphicpolarizationF (i.e., [).*, [‘(F) I ~F(F)),
thenit givesrise to aquantumobservableQ~on V.

Proposition2.2 (cf. ref. [61). Let). bea quantizablehamiltonianandlet Q
2 beits

correspondingquantumobservable.Thene*.( Q~>= 2, i.e.,

o (2.7)

Thisresultexpressesthefact thattheexpectationvalueof aquantumobservable
on acoherentstateequalsthe valueof theclassicalobservableat thepoint in-
volved,sothatit undergoesaclassicalevolution.We haveusedaslightlydifferent
notationfrom ref. [6].

We now briefly reviewthe relevantdifferentialgeometryof P( V). We mostly
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referto ref. [16]. It mayalsobeworthwhileto observethatwe shallrecoverthe
basicresultsof ref. [27] within ourformalism.An advantageofthe presentfor-
malismis thatit iscompletelyintrinsic.

Let V denotetheorthogonalcomplementto theline in [v] in V(v~0)with
respectto < I >. Weshallneedthefollowing lemma,whichis establishedthrough
animmediatecalculation.

Lemma2.3. Let v, we V, tlvll= 1, w:=w, +w2, with w,e[v], w2eV’. Set v(t)

:=v+tw Then

(d/dt){<v(t)lv(t)>’Iv(t)> <v(t) I}l~=o

=1w2><vI+lv><w21. ~ (2.8)

Thisformulasays,in particular,that thetangentspaceT1~1(P( V)) canbeiden-
tified with V.

The projectivespaceP( V) is a U( V)-homogeneousKAhler manifold [with
U( V) denotingtheunitary groupof V]. The Lie algebraof U( V), consistingof
all skew-hermitianmatrices,will be denotedby u(V). Due to homogeneity,the
tangentspaceatanypointof P( V) is spannedby the fundamentalvectorfields
(evaluatedat the point in question)inducedby elementsin u(V). Thefunda-
mentalvectorfieldA#attachedtoAeu(V) reads,at [v]EP( V) (llvll = 1),

A#I [u] = Iv> <Avl + lAy> <vI . (2.9)

ThecomplexstructureJreads,at [v] eP(V) (IlvIl = 1),

‘I 1~1AI[v] = lv) <iAvl + hAy)<VI . (2.10)

OneimmediatelygetstheformulafortheKählermetricg, ofP( V) andFubini—
Studyform QF (cf. refs. [16,9,27]) (whereA,B areskew-hermitian,II vll = 1 and
werecallthatTr( Iv> < wI)= < WIv>

gF[~J(A I 1v1,B#l 1~1)=Re{<AvIBv)+<vhAv> <vlBv>}
(~ (4* D* ~.._. (TI 4*1 0*
~‘F[V]~” lv],’-’ [VJ,_gF[V]~Jl[~]E11Ev],

1’ (v]

=i/2<vI[A,B]Iv> . (2.11)

The canonicalinnerproductin u( V) is given by (A, B) — ~Tr(AB). Themo-
mentmapreads(cf.refs. [2,19,241)

4u([v])=—ilv><vleu(V), (2.12)

i.e., ifAeu( V),

jiA([V]) (jz( [v]),A)= —lTr(—ihv> <vIA)=~i<vlAlv>
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Onecaneasilydeduce,by meansof theprecedingformulae,thefollowing “com-

patibility” result,whichwill beneededin thesequel.
Theorem2.4. Let usassumethat we aregivena unitary action ofa compactLie
groupG (withLiealgebrag) on Vandhenceon P( V) (thusg~ u(V)). Then

#1 _A#

~AIO—” 0,

foranyAeg,andanysymplecticG-orbit 0 in P( V).

This resultapplies,in particularto theuniqueKählerG-orbit in P( V) (seesec-
tion 4).

3. A generalizedUncertaintyPrinciple

Let usbriefly recall the dispersionstructureof ordinaryquantummechanics
[lO,27].Let

~(v] (B) :=A~~j(B)”2= (<B2> Evl <B>~vi) 1/2

be,asusual,thedispersionofthequantumobservableBin thestate [v]. Wehave
thefollowing

Proposition3.1.
(i) LetAandB be anytwoquantumobservablesandlet [v]eP( V). Then(Un-

certaintyRelations)

AEvI(A)AEv](B)~~I< [A,B]>
1,~ I . (3.1)

(ii) (cf ref [10]). Let B bea quantumobservable.Then

A tB’— ( # # \1/2 ~32

lv]~ ,_gF~v]~~ui.BEvl,jiiB Evil .

Proof (i) follows immediatelyfrom (2.11) andfrom the Schwarzinequality.
(ii) alsofollows from (2.11)andtheorem2.4:

I * I * ~ “iB~’ j~* ‘—‘B
2~ ‘B~2

~F~~u~RI Evl,jiiB [v],gFIv]~ 1Ev], [v]) \ 1Ev] — \ /[v]

(for thelast equalityseeref. [27] aswell). n

Thepreviousresultshowsthat,in asense,complexgeometryis “stored” in quan-
tummechanicsin anaturalway atafundamentallevel (seeref. [10], andrefer-
encestherein).We haveseenthat,within this geometricalreinterpretation,the
UncertaintyRelationsappearasarestatementof Schwarz’sinequality [this re-
mainstruewithin the C*~algebraicapproachto quantummechanicsas well (by
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the Gelfand—Naimark—Segaltheorem)].Thiselementaryfactwill be important
for what follows.

Let (M, Q) beaKählermanifold,with complexstructureJ.

Definitions3.2.
(i) Let 2 beahamiltonian(classicalobservable)andlet ).* beits correspond-

ing hamiltonianvectorfield on M. A canonicallyconjugateclassicalobservable
to 2 at xeMis ahamiltonian).’suchthatits hamiltonianvectorfield ).~#equals
J).#whenevaluatedat x

~,#I _TI ~*l

“ 1x.’Ix” IX~

(ii) Similarly, QA’ will be aquantumobservablecanonicallyconjugateto QA at
e(x),providedbothexist.

Noticethat, if).’ is canonicallyconjugateto 2, then2 is canonicallyconjugateto
—2’, asJ2= —L Moreover,).’isnot unique.

For thesakeofbrevity, wedeclaretwohamiltoniansto becanonicallyconjugate
at xif their correspondingvectorfields,at x,differ by theactionof±.1.

The geometricalreasonfor thesedefinitionsis againsimplythat theSchwarz
inequalityfor theK~h1ermetricg correspondingto Qreads

I (2~l ).#~ \1/2 i ( *1 #1 11/2Ix, IXI g~ji

1~,ji ~,
— I I I ‘~l/

2a (J i,# j~ ,,# ‘~1/2Ix, XI ~ ~ .~.. ~, Ix? Ix,

I (~#I TI #1 \I
—I~,V. Ix,”Ixji Ix)I

with equalityholding (atx) if andonly if 2* h~=JI ~ L~i.e., if). is canonically
conjugateto

4uatx.
Observethat,atleastlocally,givenahamiltonian,onecanconstructacanoni-

cally conjugatehamiltomanto it. In fact,takinganon-characteristichypersurface
containingx for the linear partial differentialequation(in thevectorfield X)
L~Q=i~Q=0,subjectto the conditionXI~=JI~2*~ we seethat it is locally
solvableby standardmethods.OtherwiseonecanemploytheDarbouxtheorem,
andfurtherobservethatattheorigin xofthe Darbouxcoordinates,thecomplex
structureJis givenby thestandardcomplexstructurein C’s.

Thesedefinitionsarephysicallyjustified by thefact thatthepositionandmo-
mentumobservablesofordinarySchrödingermechanicsindeedsatisfythem (and
areactuallystateindependent).Thisis thecontentofproposition3.4below.The
necessityof giving astate-dependentdefinition of canonicallyconjugatevari-
ablesalsostemsfrom the fact that,if a vectorfield ~ is hamiltonian,this does
not imply in generalthatJ~]~is still hamiltonian (nor evensymplectic).How-
ever,we shall seethatmanyphysically interestingobservablesare canonically
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conjugatewith respectto our definition (proposition3.4 andtheorem4.2 be-
low). Nevertheless,thefollowing is true.

Proposition3.3. Let X be a simply connectedKähler manifold. Let ~ be a
hamiltonian vectorfield, with hamiltonian).~.Then 1fJ~*is hamiltonian (with
hamiltonian~.R) then~ isquantizable.

Proof Theprooffollowsby directcomputationorby resortingto ref. [15], theo-
rem 4.5. In fact, if~ preservesF (i.e., [~, [‘(F)] ~I’(F), where[‘(F) denotes
themoduleof sectionsofF), thenJ~*preservesFas well; so,providedit is ham-
iltonian, its hamiltonianisquantizableaswell. 0

Proposition3.4. Let X= C “, equippedwith its standardsymplecticKählerform,
andlet it bequantizedin theusualway(a Ia Bargmann—Fock,see,e.g., refs. [6,26]).
Thenthe hamiltoniansrepresentingthepositionandmomentumobservables,re-
spectively,arequantizableandcanonicallyconjugatein theabovesense.

Sketchofproof Thevectorfieldsattachedto theseobservablesare (upto signs)
partial differentiationoperatorswith respectto thecanonicalcoordinatesand,
havingconstantcoefficients,preserveF, andareclearlyhamiltonian.This also
follows from the discussionof this examplegiven in ref. [61, part I, whereall
quantizablefunctionsareexplicitly determined. 0

Again from ref. [61,we knowthattheremaybeonly a few quantizablefunc-
tions, in general(Groenwald—vanHovephenomenon,see,e.g.,ref. [16] for a
detaileddiscussion).Nevertheless,in the compactcaseandwhenthequantiza-
tionsofL” areregular (for all k>~1) thereis adensesetof quantizablefunctions
[6].

The following is thebasicresultof this section.Observein particularthat (ii)
will yield asomewhatintrinsic characterizationof the dispersionof aquantum
observablein acoherentstatein termsoftheKAhler metric of thecoherentstate
manifold,andprovide anaturalgeneralizationof thebasicobservationof ref.
[10] (seealsoref. [27]).

Theorem3.5.
(i) (coherenceproperty)

(1I I~*I ~*I \.......f~ I 1 * I #1
~Ix’,

1~1 Ix,1”2 Ix)~~FIe(x)’,’ I., Ie(x), 1 ~2Ie(x)

f~l A g’ \_ (~# ~#I \1/2111/ £e(x)k A)—~ x~J’ xe” Ixl

(iii) ThedispersionsofanytwocanonicallyconjugatequantumvariablesQA and
Q~,(whentheyexist)in a generalizedcoherentstateareequalandminimizethe
UncertaintyRelations.
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Proof

(i) QIX(~rI~,).~I~)={A1,).2}(x)={<Q21>,<Q22)}(e(x))
I Ii~ \#I /

=~‘FIe(x)k\

1 2,1 Ie(x), \1 A~1 Ie(x)

QF1
8(x)(iQ~, lE(x), iQr2 I~(x))

=QFI8(x) (iQr1 8(x), iQ~h~(X))

I”% A I ~2...... I I / \#I /~ \*~ ‘~_ I fl*~ 2*1lii) ae(x) A) —gF I e(x) \1 2/ I e(x), \1 2/ Ie(x) I —gixv’ Ix,” Ix

(sincee~gF=gande*<Q2)=2).

(iii) 48(X)(Q2) =g~~().*~~,~ L~Jh~).#1)1/2

I (2’*I 2’*I \I/2A (
—gI~V’ Ix,” Ixi — e(x)~ 2’

Moreover

A8(X)(QA)v18(X)(Q~.)=g~~().#~~,).#l~)

flI (~#I TI 1*1 ~ (2*1 l’#I
~Ix’,!’ ~ Ix/ Ix~,~L Ix, Ix

I 11 ~*I / \#I
=)~FIe(x)~S,l 2/ Ie(x), \1 ),‘) Ie(x)

=~I<[QA,QA’]>e(x)I

so the UncertaintyRelations are minimized. 0

4. The projective space associated to an irreducible representation
of acompactsemisimpleLie group: the Kähler G-orbit

In this sectionwespecializethegeneraldiscussiongivenin theprecedingsec-
tionsto theprojectivespaceassociatedto an irreduciblerepresentationspaceV
ofacompact,connected,simply connected,simpleLie groupG.

We shallmakefree useof the basicnotionsandterminologypertainingto the
theory of compact semisimpleLie groups, which is discussedin full detailin many
excellenttreatises(see,e.g.,ref. [17]; seealsorefs. [26,16,4]). Let usdenoteby
~,a fixedCartansubalgebraofg (theLie algebraofamaximaltorusHof G). The
adjoint action of H on 9c, the complexification of g, gives rise to an orthogonal
decomposition(usingtheG-invariantscalarproductinducedby theKilling form
B)

9~=~~El~~CEae ~CEa (4.1)

(the sums rangingoverthe positiveroots, with respectto agiven positive Weyl
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chamber,in ~ ~ ~, denotedby ~,+). The roots canbe interpretedas vectorsin
the real vectorspace~, ~, whichcomesendowedwith anaturalG-invariant
scalarproductdenotedby~. LetR denotethesetof all roots. Recall the following
relations:

[Ea, Ep]=NapEa+p, ifa+fl (,~0) is a root,

= 0 otherwise,

[Ea,E_a]=iHa,

[H,Ea]=ia(H)Ea (H,HaE~), (4.2)

wheretheNap canbechosento be integersandobeyidentities(whichwe shall
not need)reflectingtheLie algebrarelations.We noticeherethat,if). is a weight
for somerepresentationof G, then2(iHa) =).~a (see,e.g.,ref. [17], andbelow),
where).is interpretedas anelementof i,” in thel.h.s. andas anelementof ~, in
ther.h.s.In thesequelweshallneedthefollowing

Lemma4.1. Let usconsiderthedirectsumdecomposition

~ ~P(EaE_a)e ~Pj(Ea+E_a) (4.3)

(thesumsrangingagainoverthepositiveroots)correspondingto(4.1).Thisdecom-
position is indeedorthogonalwith respectto the (negative)Killing form B (re-
strictedto g).

Proof Thelemmais easilyprovedvia directcomputationby observingthatB is
symmetriconk andthatB(Ea,E~)= 0 for a+ fl~0. 0

Fromnow on let {tk, ra, sa} be anorthonormalbasisin g correspondingto the

above decomposition, with

= (1/~J~)(Ea_E_a), ~a (i/~,,/~) (Ea +E_a) . (4.4)

It will beoftenconvenienttoswitchto hermitianoperators,adheringto thephys-
ical literatureconvention,anddefine

‘~a~’a, SaiSa, tkltk (ë1=ie1) . (4.5)

We recordtheformulafor thesecond-orderCasimiroperatorC2,

C2= ~e~
2= ~:t~+yj~÷~~

k a a

= ~ i~+~ EaEa+EaE_a. (4.6)
k a

Alsonoticetheformula
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2<Ea><E_a><T~>+<S~>. (4.7)

A characteristic property of the positive Weyl chamber ~ is that any adjoint
orbit of G in g meets~‘+ in one andonly onepoint, sothat it maybe usedas a
“moduli space”for theadjointorbits [14,18].

Recall that the momentmap in this frameworkreads (refs. [2,19,24], with
different normalizations)

,t([v])=—ilv)<vleu(V),

namely

(~u([v]), e1)= — lTr( —ii v> <vie1)

=lTr(ihv><vI (—i)e1)
=~Tr(Iv)<vie1)=~<vIe1v)

In particular, we have

li,zii2([vl)= ~u(e~)2=~ ~ ~ v>~ (4.8)

(wehaveusedlemma4.1).The actionof Hon V decomposesit into an orthog-
onaldirectsumof weightspaces.We identify,asusual,aweight2with its differ-
ential at the identity, namely, an element in ~ ~

Fromaphysicalpointof view, astate [v] correspondingto aweightvectorv is
a purestatewith respect to the Cartan subalgebra ~: theobservablesof the form
ih, he~, form amaximalsetof commutingobservables.We haveihv=). (ih )v for
aweightvectorcorrespondingto).,andweshalloften write, in thiscase,v= I).>.
Any vector state [v] canbeseenasamixtureof pure states: if v= ~, cv1,with {v1}
anorthonormalbasisof Vconsistingofweightvectors,andhi vu =1, then

[v]= ~ 1c1I
2[v

1], ~

(upon restriction to i,).

Any irreduciblerepresentationof G isdescribedin termsof theso-calledhigh-
estweightandaccordingto the celebratedBorel—Weil—Botttheorem(see,e.g.,
ref. [5]), therepresentationspaceVcanbeviewedasthespaceof holomorphic
sectionsof asuitable homogeneous holomorphic line on a natural Kählermani-
foldnaturallyassociatedwith G (seealsorefs. [251 and [8]).

Let I).> denoteaunithighestweight ~.) vector,namelyEaI).> = 0for anypos-
itive root a, andassume,for simplicity, that1 is regular, namelythat thestabi-
lizer groupof I~>coincideswith ~,. (This is equivalentto thecondition).a#0.
However,thewholediscussioncarrieswith minormodificationsthroughthesin-
gularcase.)

The G-orbit through I).> is aKählersubmanifold of P( V) diffeomorphicto
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G/H (anddenotedby 02) and called the coherentstatemanifold;this is easily
checkedto beconsistentwith thegeneralschemerecalledin section2. Thecom-
plex structureof 02 manifestlyshowsup uponrecallingthat

02 ~ G/H~GC/B+

where B+ denotesthe Borel subgroup of Ge, whosecomplexLie algebrais gen-
eratedby ~‘c and{Ea}.

This canalsobedirectly ascertainedby usingthe explicit formulaedescribing
thedifferentialgeometryof P( V) discussedabove,andobservingthat the tan-
gentspaceto 02 at I).>, say T1IA> ] 02, is generatedby the fundamentalvector
fieldsat [v] associated to the operators r~and

5a above.On has

r~iEv]=Iv><ravi+irav><vh=—(1/~h)(iv><&avI—IEav><vI),

5cr 1Ev] = iv> <SaVI + hsav><vh = (1/,,,,h)( iv> <IE_aVi + i1E_an’> <vi)
(4.9)

so
*1 — T #1

1[v] — ~‘ Evira I (vJ

We arenow in apositionto statethefollowing

Theorem4.2. Let 02 be the Kähler G-orbit in P( V) determinedby the highest
weightvector I).> correspondingto the(non-singular)highestweight)..Then,if a
is apositiveroot:

(i) the hamiltonianscorrespondingto ra and5a are canonicallyconjugateat
I).>;

(‘ii) A
1(Fa)A2(~a)1I <1h Era,.~a1~>I ).~a>0.

Proof
(i) We have

j•/ \*I _l~( *1

“s~~ (2>1 = 2lc,,Sa/ I (IA>] — ~‘~

5a 1(12>1
11 *1 \ ITI *~1k1ra IEIA>])=~’~I EIA>lra (IA>]

=liJh (IA>] <ra>I (IA>] Ji [IA>]2ra i(IA)i

[by (4.10) andtheorem2.4].
(ii) Follows from (i) and theorem 3.5, recalling that [Ea,E_a]=iHa. 0

Remarks.
(i) As an easyapplicationof theprecedingtheorem[part (i)] werecoverin

particularthe well knownformulaefor SU(2), wherera and Sa are the compo-
nentsJ~and J~,,of the spin operator(see,e.g.,ref. [261). Notice that,given the
result for SU(2), the general caseis to be expectedintuitively sinceanysimple
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Lie algebraismadeupby suitably“pasting”togethercopiesof su(2) [cf. (4.2)1.
(ii) It iswell known that the quantities 2 (2~a/a• a), with a ranging over the

simple (hencepositive) roots,can be effectivelyusedasrepresentationlabels,
being the components of the highest weight with respect to a basis of simple roots
(see,e.g.,ref. [22]).

Theprecedingtheoremprovidesadirectphysicalinterpretationof thesequan-
tities, at leastin the caseof simply lacedgroups(wherea~a is constantfor all
roots) in termsof minimumuncertaintyof the correspondingcanonicallycon-
jugatevariableswhentheyaremeasuredin thehighestweightstate.

5. Theprojectivespaceassociatedto anirreduciblerepresentation
ofacompactsemisimpleLie group:thesymplectic6-orbits

Let usnow extendourdiscussionto theothersymplecticG-orbitsin P( V). It
is shownin ref. [211 (seealsoref. [16]) thataG-orbit in P( V) is symplectic
(with theinducedsymplecticstructure)if andonly if it containsaweightvector
I).> suchthat).a=0 entailsE±aI).>=0. In particularthisorbit isK~ihlerif and
only if I).> is ahighestweightvector.This canbe alsocheckedby meansof the
explicit formulaegivenabove.The existenceof symplectic,non-complexorbits
has independentlybeennoticedandexploitedby Giavarini andOnofri in ref.
[12] to understandthe migration of spin in thecontextof degenerateLandau
levels.

In view of theorem2.1,the symplecticorbits providecritical orbits for izii 2~

ThisconclusionmayalsobereachedthroughtheremarkofNess[241thatweight
vectororbitsarealwayscritical (seebelow).Theconversetotheprecedingasser-
tion doesnot hold. Thiswill follow from thediscussionbelow,but is alsoappar-
ent from the combinationof the NessandKostant—Sternbergtheorems,since
thereareexamplesof weightvectorswhichdo not give riseto symplecticorbits.
Moreover,it will follow fromtheresultdescribedbelowthat suitablemixturesof
weightvectorstatesmayappearamongthecritical pointsof Ii ~ii2~

We arenow going to describesomewhatmoreexplicitly the structureof the
critical pointsof iiAuII2 in P( V). First of all, we recover,within our formalism,
Ness’GeneralExample[241:

Proposition5.1 [24]. Weight vectors(and hencetheir G-orbits) providecritical
pointsof Iii’ii 2,

Sketchofproof We haveto checkthat, foranyBeu(V),

B*(ii~uhi2)I(V]=0,
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andthisis easilyachievedupon recallingthat Ky I ray> = <V I 5aV> = 0. 0

Nowrecall, from ref. [191,that the critical pointsof Ii ~uii2in a projective space
areaunion of setson the form C~,fle~,with Cp:=G(Zpr~/1’(fl)),andZ~
consistsof thepoints [v] eP(V) suchthat,if v= ~, cv~,~, Ic

1 2= 1, with respect
to an orthonormalbasisof V consistingof weight vectorsv- correspondingto
weights )., the only non-vanishing coefficients c arethosefor which)., .fl fl~2~

The coefficients Ic, 2 ofthemixture [v] = >, Ic1 2 [v1] aredeterminedby requir-
ing fi to betheclosestpoint to theorigin in ~ lying in the positiveWeyl chamber

+. Thisdescriptionfollows from theobservationthat theimageof themoment
mapofatorusactionon P(V) isaconvexpolytope(its verticesbeingthe weights
of suchanaction).Thecorrespondingresultfor ageneralsymplecticmanifoldis
acelebratedresultof Atiyah [1], andGuillemin andSternberg[14] (seealso
ref. [18] forfurtherdevelopments).

We shallalsoneedthe following lemma,whichis establishedthroughan im-
mediatecalculation(via2.11).

Lemma 5.2. Let vbea (unit) weightvectorin V. LetAcu( V). Then
14*! *1 \......D /A I \

gF(v]~.(1 I(v]~ ra I[v])_1’~~e\f1vITav/

witha similarformulafor5a 0

Remark.Noticethat (5.1) keepstraceonly of thepartofAvlying in theorthog-
onalcomplementV in Vof theline [v] (asit shoulddo, alsoin view oflemma
2.3). Also observe,for thesequel,thatanyvectorin V’, sayöv,canbe realized
eitherasAvor asBy,with someA (B) in u( V) (iu( V)). Thisimpliesthat

8V*i[v] :=iy+6y><vI+iv>(v+övi

is orthogonalto r~h ~ if andonly if

Re<~viFav>=0.

The following theoremspecializessomegeneralcomputationsof Kirwan and
Ness[19,24] to theparticularsettingof thissection,andalsoprovidesagener-
alizationof aresultof Delbourgo[11,261.

Theorem5.3.
(i) Let C2bethesecond-orderCasimirintroducedin section4 andlet

~ <1>2 ~ <Va>

2~a>2

k a

betheDelbourgo(—Perelomov)invariantdispersion.Wehave
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AC2=<C2>—4hI4uII
2(~0), (5.2)

whenceAC
2and jz~

2havethesamecriticalpoints.
(‘iQ Thepoint [vJeZ~~P(V), fle~,+,is a critical pointfor II

4UII
2 if andonly if

foranypositiveroot a (andhenceforall roots)— with respecttotheabovedecom-
positionv= ~ cv

1, ~, Ic1 2=1 — wehave

E~,cm<v,IEavm>=0. (5.3)
l,m

(iii) Thus,a sufficientconditionfor [v] asaboveto bea criticalpointofhi ~2 is
that in thedecompositionv= >~c,v1 no weight vectorsarepresentwhich giverise
to weightsthatdifferbya root.

(iv) Therestriction of the HessianofAC2 at [V] (with v a normalizedweight
vectorcorrespondingto a weight).)to thenormalbundlewith respecttotheG-orbit
through~vi reads

HEy] (6v,~v)= ~<6v,H6v> = ~g[v] ( 6v, H8v)

withH:= ~h ).(th) (th —2 ( th)). From this, wegetthefollowing inequality[24]:

index(H(V])~#{v(weight)/).~ v> iI).I12, v~).+a,aeR}.

Proof
(i) 4C2<C2> ~ <~>2_ ~

k a

~

andthe assertionfollows sinceC2 is amultiple of theidentity dueto the irredu-
cibility oftherepresentation.

(ii) Let [v] E Z~.Wehave

2u([v])= ~ <vItkv>tk-~-~ <VIPaV>?a+ ~ <V~5~,V>S~,
k a a

= ~ c,~cm<v,Itkvm>t,c+~
k,I,m a,1,m

+ ~
a.t.m

= ~ C,cm<v,I).m(t)vm>t~+~
I,m,k a.1,m

+ ~
a.t.m

So, in orderto have2jt ( [v] ) = fle ~,+ we mustensurethat thecoefficientsof ra
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and~a vanishidentically,andthis easilyleadsto (5.3) for anypositiveroot. But,
exploitingthefact thatE~=E_a weseethatuponconjugating(5.3) with apos-
itive, weget (5.3) for —a aswell. So,if (5.3) holds,wehave

2u([v])= ~ iciI2).i(i~)~=~fl(i~)i,
k,1 k

i.e.,

2jt([v])= ~ [c,I2).,=fl,

whichallows oneto determinethemixturecoefficientsIc, 12 in view oftheabove
remarks.Eachc, remainsundeterminedup to aphase.

(iii) Followsimmediatelysince<v
1I Eavm> iszerowheneverA, ~ m+a. As a

retrospectivecheck,weseethat2jL ( [v] ) = fi stabilizesEu], as it shoulddo (since
flv= 11fl11

2v).
(iv) Followsby thestraightforwardcomputationof

~(d2/dt2)lt,LIj2([u(t)] ) 11=0,

where

[v(t)] := [v+ toy] = IIv+t OvII 2 Iv+t Ov> < v+t OvI

andin which we makeuseof the orthogonality(with respectto the metricg~)

conditionto the tangentplaneto the G-orbit in [v], which reads(by lemmata
2.3, 4.1 and5.2,andtakingtheremarkprecedingthistheoremintodueaccount)

Re<Ovlrau>=0, Rec(OvIsav>=0.

We mayobtain amoreexplicit formula as follows. Let {Vk> bean orthonormal
set of V’ [with respectto K I >1 consistingof weightvectorspertainingto the
representationweights1k suchthat1k ~ ).+a, for anyroota; then{Vk, v’~ ~Vk }
providesan orthonormalsetwith respectto gF, spanningavectorspaceW. Let
ck= ak+ ibk andlet Ov= ~k ckvk+ Ou’ = ~k akvk+ bkv’k+ Ov’, with Ov’ orthogonal
to WandT

1v102.We finally get

2H1y1(Ov, Ov) = ~ ).~(A—Ak) (a~+b~)+ <Ov’, HOv’>

whence,in particular,Ness’ estimate[241 alsofollows. 0

Observethat the minimal invariantuncertaintyis realizedpreciselyon the
highestweight ~.) orbit (andwerecoverDelbourgo’stheorem[11]); in fact in
this case41I~ 2 attainsits maximum I).II

2 andit is alsoeasyto seethat W= {0}
(sotheHessianispositivedefinite).

We alreadyobservedthat,if v= v, for asingleweight )., in ~ the orbit G [v]
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is critical, andit is symplecticif theKostant—Sternbergcriterion [21,16] is sat-
isfied. If)., is not in ~÷, thenit is Weyl-conjugateto auniqueweight).~in ~ and
the G-orbit passingthrough [v~] (obviousnotation) contains[v1]; in fact, let
Iv’> =wlv> [we W, the Weylgroupassociatedto G)]; then,if Iv> is aweight
vector for )., then Iv’> is a weight vector for ).~w,upon defining, for t�H,
().‘w) (t) :=).(Ad~_i(t)).

Remark.The non-minimalcritical pointsareunstablein the senseof Mumford

andofGuillemin andSternberg,andlive in thenull coneofP(V) [24,23].

Letusalsofinally noticethefollowing

Corollary5.4. Let xandy(in P( V)) belongto differentsymplecticorbitsofG in
P( V). Theydo not lie on thesameorbit ofGc.

Proof xandyare critical points of j~fl2,by theorem2.1,sotheassertionfollows
fromtheoreml.1of ref. [24]. 0

Final remarks. In this paperwe focussedour attentionon compact,connected,
simple (orsemisimple)Lie groups.We expectthebasicpictureoutlinedhereto
holdin the non-compactsemisimplecaseas well. Thisquestionwill possiblybe
addressedelsewhere.

Theauthoris gratefulto M. Rasetti,V. Penna,G.Valli andR. Pickenfor stim-
ulatingdiscussionsandencouragement.HealsothanksI. Mladenovfor kindly
readingthemanuscriptandforusefulcomments,andD. Trifonov for enlighten-
ing discussionsandforpointingout ref. [27]to him.

References

[1] M.F. Atiyah, Convexityandcommutinghamiltonians,Bull. LondonMath. Soc. 14 (1982)1—
15.

[2] M.F. Atiyah, Themomentmap in symplecticgeometry,in: Proc.DurhamSymp.on Global
RiemannianGeometry(Harwood,NewYork, 1984)pp. 43—51.

3] M.F. AtiyahandR. Bott,TheYang—Mills equations over Riemannsurfaces, Phios.Trans.Soc.
LondonA308 (1982)523—615.

[4] V. Bargmann,Onunitaryrayrepresentationsof continuousgroups,Ann. Math. 59 (1954) 1.
[5] R. Bott,Homogeneousvectorbundles,Ann. Math. 66 (1957)203—248,
[6] M. Cahen,S. Gutt andJ.H.Rawnsley,QuantizationofKAhlermanifolds!,II, J.Geom.Phys.7

(1990)45—62;Trans.Am. Math.Soc.,to appear.
[7] B. Cordani,L.Gy. FeherandP.A. Horvathy, Monopolescatteringspectrumfrom geometric

quantisation,J.Phys.A21(1988)2835—2837;
G. GaetaandM. Spera,Remarkson thegeometricquantizationof theKeplerproblem,Lett.
Math. Phys.16(1988)189—197;



182 M. Spera/ GeneralizedUncertaintyPrinciple, coherentstatesandmomentmap

I. Mladenov and V. Tsanov, Geometric quantization of the multidimensional Kepler problem,
J.Geom.Phys.(1985) 17—24;Geometricquantizationof theMIC—Keplerproblem,J.Phys.A
20(1987)5865—5871;
V. PennaandM. Spera,Oncoadjointorbitsofrotationalperfectfluids, J.Math. Phys.33 (1992)
901—909;
M. SperaandG. Valli, Remarkson Calabi’sdiastasisfunctionandcoherentstates,Quart. J.
Math. Oxford, to appear.

[8] A. Cavalli, G. d’Anano andL. Michel, Coherentstate manifold invariantby a compact
semisimpleLiegroup,Ann. Inst.H. Poincaré44 (1986)173—193.

[9] S.S. Chern,ComplexManifoldswithoutPotentialTheory (Springer,Berlin, 1979).
[10] R. Cirelli, A. Mania and L. Pizzocchero,Quantummechanicsas an infinite-dimensional

hamiltoniansystemwith uncertaintystructure,I, II, J.Math. Phys.31(1990)2891, 2898,and
referencestherein.

[11] R. Delbourgo,Minimal uncertaintystatesfor therotationandalliedgroups,J.Phys.A 10 (1977)
1837—1846.

[12] G. GiavariniandE. Onofri, GeneralizedcoherentstatesandBerry’sphase,J. Math. Phys.30
(1989)659—663; Vectorcoherentstatesandnon-abeliangaugestructuresin quantummechanics,
Intl.J.Mod.Phys.A5 (1990) 4311.

[13] P. GriffithsandJ. Harris,PrinciplesofAlgebraicGeometry(Wiley, NewYork, 1978).
[14] V. Guillemin andS. Sternberg,Convexitypropertiesof the momentmap I, H, mv. Math. 67

(1982)491—513;77 (1984)533—546.
[15] V. GuilleminandS. Sternberg,Geometricquantizationandmultiplicity ofgrouprepresentations,

mv, Math. 67 (1982)515—538.
[16] V. Guillemin andS. Sternberg,SymplecticTechniquesin Physics(CambridgeUniv. Press,

Cambridge,1984).
[17] S.Helgason,DifferentialGeometryandSymmetricSpaces(AcademicPress,NewYork, 1962).
[18] F.C. Kirwan, ConvexitypropertiesofthemomentmapIII, mv. Math. 77 (1984)547—552.
[19] F.C. Kirwan, Cohomologyof Quotients in Symplecticand Algebraic Geometry.Princeton

MathematicalNotes,Vol. 39 (PrincetonUniv. Press,1984).
[201 B. Kostant,Quantizationandunitary representations,in: Lecturesin Modern Analysisand

Applications,LectureNotesin Mathematics,Vol. 170 (Springer,Berlin, 1970)pp. 87—208;
A.A. Kirillov, ElementsoftheTheoryofRepresentations,GMW220 (Springer,Berlin, 1976);
J.M. Souriau, Structuredessystèmesdynamiques(Dunod, Paris,1970).

[21] B. Kostantand S. Sternberg,Symplectic projective orbits, in: New Directions in Applied
Mathematics,eds.P. Hilton andG.S.Young(Springer,NewYork, 1982).

[22] W.G. McKay and J. Patera, Tables of Dimensions, Indices, and Branching Rulesfor
RepresentationsofSimpleLieAlgebras(Dekker,NewYork, 1981).

[23] D. Mumford andJ.Fogarty,GeometricInvariant Theory,2ndEd. (Springer,Berlin, 1982).
[24] L. Ness,A stratificationofthenull conevia themomentmap,Am. J.Math. 106 (1984) 1281—

1329.
[25] E. Onofri, A noteon coherentstaterepresentationsof Lie groups,J. Math. Phys. 16 (1975)

1087—1089.
[26] A.M. Perelomov,GeneralizedCoherentStatesandTheirApplications(Springer, Berlin, 1986).
[27] J. Provostand G. Vallee, Riemannianstructureon manifoldsof quantumstates,Commun.

Math. Phys.76 (1980)289—301.
[28] J.H.Rawnsley,CoherentstatesandKAhIer manifolds,Quart.J. Math.Oxford28 (1977)403—

415.


